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Abstract. We present in this paper a C'^-metric on an open neighbourhood 
of the origin in R^. The metric is of Lorentzian signature (1,4) and admits a 
solution to the twistor equation for spinors with a unique isolated zero at the 
origin. The metric is not conformally flat in any neighbourhood of the origin. 
The construction is based on the Eguchi-Hanson metric with parallel spinors 
on Riemannian 4-space. 
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1. Introduction 

For spinor fields of suitable weight on semi-Riemannian manifolds there exist two 
conformally covariant linear differential equations of first order, the Dirac equation 
and the twistor equation. The twistor equation is overdetermined and the existence 
of solutions, which are called conformal Killing spinors or simply twistor spinors, is 
constraint by curvature conditions on the underlying space. The twistor equation 
was first introduced by R. Penrose in General Relativity. In the second half of 
the 1980th A. Lichnerowicz started a systematic investigation of twistor spinors 
on Riemannian spin manifolds in the context of conformal differential geometry 
(cf. |Lic88j ■ |Lic89| . |Lic9n| 1. Special solutions of the twistor equation are Kilhng 
spinors and parallel spinors, for which nowadays many geometric structure results 
are known. 

From the view point of conformal geometry twistor spinors with zeros are of 
particular interest (cf. |Lic90| . |KR95| . |KR96| . |KR98| 'l. This is for various rea- 
sons. In the Riemannian case the length square of a twistor gives rise to a rescaled 
Ricci-flat metric in the conformal class on the complement of the zero set, which 
consists of isolated points. Such spaces are sometimes called almost conformally 
Einstein manifolds (cf. |Gov04| ) . A result by A. Lichnerowicz states that a compact 
Riemannian space admitting a twistor spinor with zero is isometric to the standard 
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n-sphere S", which is a conformally fiat space. Any twistor on the n-sphere ad- 
mits exactly one isolated zero. However, a construction by W. Kiihnel and H.-B. 
Rademacher shows that there exist twistors with zeros on complete non-compact 
Riemannian spaces, which are not conformally flat. Such solutions occur typically 
on the conformal completion space to infinity of asymptotically Euclidean spaces 
with special holonomy (cf. |KR96| . |KR98p . 

In the Lorentzian setting solutions of the twistor equation always give rise to 
non-trivial conformal Killing vector fields and the zero sets of a twistor and its 
corresponding conformal Killing vector coincide. There are two types of twistor 
spinors with zeros. In the first case the associated conformal Killing vector is 
almost everywhere timelike and the zero set consists of isolated points. Outside of 
the lightcones of the zeros the geometry is locally conformally equivalent to a static 
monopole based on a Riemannian space with parallel spinor. In the other case 
the associated field is lightlike (or zero), the zero set consists of disjoint lightlike 
geodesies and on the complement of the zero set the geometry is locally conformally 
equivalent to a generalised pp-wave (cf. |Lei99| . |Lei01| . jLei04| ) . 

The associated conformal Killing vector to a twistor with zero has the interesting 
property that its (local) fiow consists of essential conformal transformations, i.e., 
transformations which are not isometrics for any metric in the conformal class of the 
underlying space. Essential conformal transformation groups are non-compact. A 
conjecture by A. Lichnerowicz states that compact Lorentzian spaces with essential 
conformal transformation group are conformally flat. In the Riemannian case it is 
well known that the only complete spaces with essential (i.e. non-compact) confor- 
mal transformation group are the n-sphere S'" (compact case) and the Euclidean 
space (non-compact case) (cf. |Ale72j . |Yos75j . |Oba71j . |LF71j V 

In this paper we construct a family of Lorentzian metrics on (non-compact) 
open subsets of R^, which admit twistor spinors with a unique isolated zero. The 
conformal geometry of these metrics is not flat in any neighbourhood of the zero. 
The construction is based on the conformal completion of the Eguchi-Hanson metric 
(cf. |KI!,96| V The constructed family of metrics is of class C^, i.e., with respect 
to the standard coordinates on the coefficients of the metrics are continuously 
differentiable exactly once. The course of the paper is very simple. In section |21 we 
present the family of metrics in question with some chosen frame and a spinor. In 
section 13 we calculate that the metrics in the family are of class and that the 
given spinor solves the twistor equation. 



Let us consider the 5-dimensional real vector space R^ with canonical coordinates 
X = (xo, xi, X2, X3, Xi). We set n = 5. The Minkowski metric is given by 



This metric is of Lorentzian signature (1,4) and is flat on R^. We aim to rewrite the 
Minkowski metric in cylindrical coordinates. So let E be the 4-dimensional vector 
subspace in R^ deflned by = and denote by 



the radial coordinate on E. The space E'xiO} (with deleted origin) is diffeomorphic 
to R+ X S''^. Thereby, denotes the 3-sphere, which is given in E by the equation 
r ~ 1. As the group of elements with unit length in E = h\ the 3-sphere is 
isomorphic to the semisimple Lie group SU(2). The round metric 1753 on is 
SU(2)-invariant and there exist left-invariant 1-forms ai,a2 and CT3 on SU(2) such 



2. Metric with frame and spinor 



go = —dxQ + dx\ + dx\ + dx\ + dx\ . 



r = 




TWISTOR SPINORS WITH ZERO ON LORENTZIAN 5-SPACE 



3 



that 

gs3 = (7i + CT2 + 0-3 • 
On in E these left-invariant forms arc explicitly given by 

fi = -pTi-X2dxi + xidx2 - Xidxs + x^dxi), 
01 = ^{-x:^dxi + Xidx2 + xidx^ -~ x^dx^), 
173 = -^{^x^dxi - x-sd,X2 + X2dx^ + xidx^) . 

We denote the dual orthonormal frame on TS^ by {g§^, g§^, g§^}- Eventually, we 
see that the Minkowski metric on \ {r = 0} is given in cylindrical coordinates 

by 

go = -dxl + dr^ +r^{a^+a^+al) . 

We know that this metric can be smoothly completed to the singular set {r = 0} 
of the cylindrical coordinate system (which is a real line in R^). The result is the 
Minkowski metric go on R^. 
Now let us define the cone 

L := { (a;o,a;i,a;2,a;3,a;4) e IR^ : r < \xq\ } 
with singular point at the origin of IR^. The boundary set of the cone L in IR^ is 

Lo ■■= { (a;o,a;i,a;2,a;3,a;4) e IR^ : r= \xo\ } ■ 
As next we define the radial coordinate 

r on i 

[ on R^ \L 

Furthermore, let o > be a real parameter. Then we set 

Ba :— { {xo,Xx,X2,Xz,X4) G IR^ : < To < - } 

a 

and Ba := B,, U L. Both sets Ba and Ba are open in R^ for all a > 0. The set 
Ba is a subset of IR^ \ L and Ba is simply connected. We also denote the set 
B^ := \ {r = 0}, where the real line {r = 0} is deleted. 

On Ba we define a family of pointwise symmetric bilinear forms ga, a > 0, as 
follows. Let 

{go - r"^ (aro)'^ ■ al + a'^{r/3)~^rl ■ a"^ on B> 
90 on {r = 0} ' 

whereby we set 



P := — (aro)^ and a := (r^ + Xo)dr — 2xordxo ■ 

Obviously, the symmetric bilinear form ga is smoothly defined on Ba \ Lg for all 

a > 0, and by definition, ga restricted to L \ Lq is the flat Minkowski metric. The 
symmetric bilinear form ga can be rewritten on Ba as 

ga = -dxl + dr' + r'(al+al+p'al) + a\rP)-'rl-a' . 

Proposition 1. The symmetric bilinear form ga is a -metric of Lorentzian sig- 
nature (1,4) on the subset Ba of R^ for all a > 0. The metric ga is not of class 

C2. 
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We want to do some geometric discussion of the Lorentzian metric ga- The 
restriction of ga to the disk E Ci Ba (with deleted origin) in E = R'^ is given by 

ha ■■= ^^1^ + r'i al + al + (1 - iarr)al ) . 

This is a Riemannian metric on E' n Ba, which admits a smooth (even analytic) 
extension to the origin. Off the origin, the metric ga is conformally equivalent to 
the Eguchi-Hanson metric 

9EH ■■= Y^$B)-^ + ( "1 + + (1 - ) ■ 

In fact, with i? := 1/r on i? \ {0} it holds gEH — j^'ha- The Eguchi-Hanson metric 
is an asymptotically Euclidean hyperkahler metric with irreducible holonomy group 
SU(2) = Sp(l) and admits a 2-dimensional space of parallel spinors. In particular, 
gEH is Ricci-flat, but it is not conformally flat. In fact, gEH is half-conformally 
flat, i.e., the Weyl curvature tensor W = + is anti-selfdual (IF+ = 0) (cf. 
|EH78l . !KE96|). We set 



1 



9a — 2T2 ' 5a on Ba \ Lo 



Proposition 2. a) Let ga — [r"^ — x^) ^ • ga, a > 0, be a conformally equivalent 
metric to ga on Ba \ Lo- Then 

(1) the metric ga is flat for r < \xo\- 

(2) For \xo\ < r it holds 

ga = -ds^ + gEH , 
whereby s := and R := , '' ■> . 

In particular, ga is Ricci-flat on Ba \ Lo- 

b) The Weyl tensor W^"^ of the smooth Lorentzian metric ga on Ba \ Lq admits 
a continuous extension of class to the singular set Lq. For this extension it 
holds W^" = on L and W^"^ ^ Q on Ba, i.e., ga is not conformally flat. 

We note that the Ricci-curvature tensor of the metric ga on Ba \ Lo does not 
admit a continuous extension to Ba. With /i := In — xf^\ it is 

Ric3- = -{n-2) ■ { Hess^'in) - dfi^ ) - ( A^"^ + (n - 2) • ) • 5^ • 

Furthermore, we note that the hypersurface {s — 0} is totally geodesic with respect 
to the metric — ds^ + gEH. This implies that the disk n Ba is a totally umbilic 
hypersurface in {Ba,ga). 

As next we define on Ba with metric ga an orthonormal frame e = 
{eo, ei, 62, 63, 64} in the following way. Let 
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be a vector field on R^. We set 

eo : 

ei : 

62 : 

63 : 

64 : 

Lemma 1. The orthonormal frame e — {60,61,62,63,64} on is of class . 

We proceed by introducing spinor calculus on Ba (cf. e.g. [Bau mSl'). Let 
Spin(l,4) denote the spin group with universal covering map A : Spin(l,4) —f 
S'0(1, 4) onto the special orthonormal group and let CZ(1, 4) be the Clifford algebra. 
The complex spinor module A 1^4 is isomorphic to and a realisation of the Clifford 
algebra CZ(1,4) on Ai_4 = C' is given by 

-1 0\ 
1 
' 
0/ 

-1\ 

1 
' 
/ 



-7j • 7j for all j. 
The Lorentzian manifold {Ba,ga) with C^-metric is simply connected and ori- 
ented. There exists a unique spin structure 

t: : Spin{Ba) ^ SO{Ba), 

whereby Spin{Ba) denotes a Spin(l, 4)-principal fibre bundle over Ba, the spinor 
frame bundle, which is a Z2-covering of the orthonormal frame bundle SO{Ba) such 
that the fibre actions of Spin(l, 4) and S0(1, 4) are compatible with the projections 
TT and A. We denote the spinor bundle on {Ba,ga) by 

S :== Spin{Ba) Xspi„(i,4) Ai,4 . 

The spinor bundle S is globally trivial on Ba- With respect to a C^-section of 
TT : Spin{Ba) — > Ba (i.e., a global spinor frame of class C^) the space C^{Ba,S) 
of differentiable spinor fields is uniquely identified with the space C^{Ba, ^1,4) of 
Ai^4-valued differentiable functions on Ba- The spinor bundle S admits an invariant 
inner product, which we denote by (•, and • : TM ® S ^ S denotes the Clifford 
multiplication of tangent vectors with spinors. The spinor derivative is V"^ and 



dxo 



2X0 Q rp 
r ■ 1+/3 ■ ^ 



_a_ 

dr 



2,2 42 

r +Xg a rp 
r2 ' 1+/3 ' ^ 



^-1 . _a_ 
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where 70 • 70 = 1, 7i • 7i = -1 for alH = 1, . . . , 4 and ji ■ 7^ = 
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the Dirac operator acting on spinor fields is given with respect to some (local) 
orthonormal frame {to, . . . , ^4} by 

The twistor equation for spinor fields 4> on Ba is given by 



n 







for all X e TBa 



This is a first order differential equation on spinors, which is well known to be 
conformally covariant (cf. section^. We call a spinor field (j) S C^{Ba, S) a twistor 
spinor if it satisfies the twistor equation. Any spinor field </> 7^ defines in a unique 
way a non-trivial vector field (spinor square) by demanding the relation 

9aiV^,X) = {4>,X- 4>)s for aU XeTBa. 

If (/) is a twistor spinor then is a conformal Killing vector field, i.e., it holds 



Lv^9a = -div{V^) ■ ga 

for the Lie derivative of the metric along V^. 

The C^-frame e : B^ SO{Ba) (cf. Lemma^ admits exactly two lifts (of class 
C^) to the spinor frame bundle Spin{Ba)- We choose one of these lifts and denote 
it by 

es : B> ^ Spin{Ba) ■ 

Any spinor field on B^ can then be uniquely represented with respect to the 
spinor frame by a Ai_4-valued function w. It is 



w 



eC\B>,S) 



for some function w G C^{Ba, ^1^4). Now let w{b,c) denote the constant A1.4- 
valued function (&, — c, 0,0)^, where (6, c) £ C^. We set 



(xoeo + rei) • [ , w{b,c) 



on B> , 



whereby the dot • denotes Clifford multiplication. Obviously, the spinor field ■0^ is 
an element of {B^ , S) for all (6, c) . Calculating the Clifford product results to 



We denote by 



V 



-2xor- 



XoC 

rb 
rc 



dxo 



a smooth vector field on 



Theorem 1. Let (6, c) e and a spinor on {B^,ga) with a > 0. 

(1) The spinor field ip^^ on B^ admits a unique extension ipbc to {Ba,ga) of 
class . 

(2) The unique extension ipbc is a twistor spinor on {Ba,ga)- 

(3) For (6, c) 7^ the twistor spinor i/^bc admits exactly one zero at the origin 

{Q}eBa. 
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(4) The zero set of the spinor length square Ubc '■= (V-'tic, V'6c)s is Lq. The 
function Ubc solves the equation 

—Ubc • Ric^ — {n — 2) • Hess{ubc)^ 

on Ba \ Lo, where Ric^ and Hess(ubcY' denote the trace-free parts of the 
symmetric tensors Ric^"^ resp. Hess^°'{ubc)- In particular, the metric cja = 
-^Qa is Einstein for Ubc 7^ 0. 

(5) The spinor square V^^^ is a smooth conformal vector field on (Ba,ga)- It 
holds 

V^,^ = {h^ + c^)-V . 

(6) The vector V^^^ is timelike on Ba \ Lq, lightlike on Lq \ {0} and zero only 
in the origin {0} G Ba- 

Here a vector X 7^ on {Ba,ga) is called timelike ii ga{X, X) < and lightlike 
if ga{X,X) = 0. In short, Theorem ^ says that there exists a 2-dimensional set of 
twistor spinors on {Ba, ga) for all a > 0, which admit an isolated zero at the origin. 
There exist no further twistor spinors on {Ba,ga), since the Eguchi-Hanson metric 
admits exactly two linearly independent (parallel) twistor spinors for a > 0. 

For a = we set Ba = and ga = go- All twistors with zero at the origin on 
{R^,go) are given by 

V'«;o = ^51^'^^ ■ [ , Wo] , 

where Ug is a lift of the standard frame {gf^, ■ • ■ , gfj} to Spin{Ba) and € a 
constant (cf. |BFGK9T] ). The metric go is smooth and flat on Bo- For a > the 
situation changes. In this case the metric ga is only of class and the space of 
twistors shrinks to dimension 2. From Proposition |21 we know that ga with twistors 
ijjbc gives rise to a curved (conformal) geometry on Ba- In fact, ga is not conformally 
flat in any neighbourhood of the origin {0} G Ba- Nevertheless, the twistors ipbc 
have a zero at the origin. This is an important observation for our construction. 

Corollary 1. There exists a family of Lorentzian -metrics ga, a > 0, in dimen- 
sion 5, which admit twistor spinors and a smooth causal conformal Killing vector 
field, all with isolated zero at some point {p} such that ga is non- conformally flat 
around the zero at {p}. 

We remark that the vector field V is complete on Ba, i.e., the flow of V to 
the time t generates a 1-parameter group of conformal transformations on Ba- 
These conformal transformations are not isometrics with respect to any metric in 
the conformal class Ca ■= [ga] (cf. section Conformal transformations with 
the latter property are called essential. In particular, the conformal Killing vector 
field V is called essential. The statement of Corollary ^ implies the existence of 
essential conformal Killing fields and transformations on non-compact Lorentzian 
spaces, which are not conformally flat. A conjecture by A. Lichnerowicz states that 
essential conformal transformation groups do not exist on any compact Lorentzian 
manifold unless it is conformally flat (cf. |D'AG9l] l. In fact, we do not expect that 
our construction works on compact spaces. 

We want to add some further comments concerning our construction. The metric 
ga can be considered as a completion of the metric —ds^ + gEH, which is Ricci- 
flat and 'asymptotically Minkowskian', to the set L with infinity Lo- The twistors 
extend to L as well with a zero at some point of infinity. In general, it is known that 
a Lorentzian metric with differentiable Weyl tensor has to be conformally flat in 
the causal past and future of a zero of a twistor spinor (cf. section^. Therefore, it 
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is also reasonable in our construction to do the conformal completion to L by using 
the flat Minkowski metric 170 on the 'other side' of the infinity set Lo- There exists 
no extension (conformal completion) with difFerentiable Weyl tensor of ga on Ba to 
a neighbourhood of the origin, which is not conformally flat on L, but preserves the 
existence of a twistor spinor. This fact implies that our completion of ga can not 
be analytic. We want to point out again that our construction is even not of class 
C°° . However, it remains the question whether there is a conformally equivalent 
metric to ga on Ba, whose regularity is better then of class . The existence of a 
C"*^ -extension of the Weyl tensor of ga to the inflnity set Lo certainly does not pose 
an obstruction to this question. 

3. Proof of statements 

We prove here the statements which we made in the previous section. We start 
with a discussion of the differentiability of certain functions on Bq C R^. For some 
arbitrary p-tuple /p = (ii, . . . , ip) G {0, . . . , 4}^ let us denote by 

,^_d 9_ 

a partial derivative of order p. Moreover, for any 5-tuple I = {lr,lo, ■ ■ ■ with 
Zr, ^0) ■ • ■ , ^4 G ^ U {0} we set si :— —Ir + X]i=o ^« ^'^^ deflne the smooth function 

fi = f{lr, ^0, • • • , ^4) r--'- • .t|,« • . . . • on Ba . 

We say that the rational function /; is of order sj. Remember that we deflned the 
radial function Tq to be (r^ ~ x'^)/r on Ba and identically zero on L (cf. section EJ. 
For any function / on Ba we understand the product r,, • / in a unique way as a 
function on Ba = Ba U L, which is identically zero on L. For t > Q a. real number 
we denote 

B* n {a; e : r <t} . 

Notice that if a function / is continuous on Ba and its absolute value |/| is bounded 
on Ba for alH > then Tq • / is continuous on Ba- In fact, for this conclusion it is 
sufficient for |/| to be bounded on B\ for alH > with some a> a. 

Lemma 2. Any function on Ba of the form r™ • fi with m > is of class C^~^ 
hut not of class , where k := min{m, m + s;}. 

Proof. First, we note that |a:i| < r on Ba for all i = 0, . . . , 4, and we see that 
the absolute value \fi\ of any function of the form /; with s; > is bounded on 
by t^' for alH > 0. More generally, the absolute value of the partial derivative 
dipfi is bounded on for all i > if s/ — p > 0. In particular, the absolute 
value of xo/r is bounded on Ba- Moreover, xo/r is continuous on {Ba U Lo) \ {0}. 
This shows that the extension of the function r — xq ■ xo/r by zero to the origin 
in is a continuous function on Ba U Lo and is identically zero on Lo- And this 
implies that the coordinate is continuously defined on Ba- The function Vo is 
not continuously differentiable. However, it is 

4 / ,2 



dro = -dxo + ( + — ] dxi , 

and we see that the coefficients of dro are bounded on Ba- (This implies that 
dir^o) — '^'''odro is continuous on Ba, i.e., is of class C^.) 

Eventually, since a function of the form r™ • /; admits terms of lowest order 
771 + s/, such a function is at most of class However, a pth order derivative 

of ' fi on Ba can be extended continuously to the zero function on L only if 
p < m- In fact, any application of a derivative dj^ of order m admits a non-trivial 
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term of the form m\ ■ fi ■ ir^^^dro{-Q§—) , which can not be extended continuously 
by zero to L. On the other side, it is 9/^_^(r™ • /;) = Tq ■ h, whereby \h\ is 
bounded on i3* for aU i > if s; > 0. This shows that r™ • /; is of class C^~^ with 
k :— min{m,TO + s/}, but it is not fc-timcs continuously differentiable. □ 



Now we set 



and 



Pa = 



1 - (aroY 



With these notations it is ga — go — i-^a + Pa on Ba, where go is the flat Minkowski 
metric on Ba- 

Proof of Proposition E The metric go is smooth on Ba- We have to discuss 
the differentiability of LUa and pa- The coefhcients of the 1-forms r ■ and a/r are 
of order s/ = resp. si = 1. With application of Lemma |21 we conclude that cua is 
of class and pa is of class . The symmetric 2-form pa is not of class . This 
implies that the symmetric bilinear form ga on Ba is of class for all a > 0, but 
it is not of class . 

We postpone the proof that ga is a metric of Lorentzian signature until the proof 
of Proposition El The proof of Lemma about the existence of the orthonormal 
frame e will show the Lorentzian signature of ga as well. □ 

For the proof of Proposition |21 we use the coordinate change 



whereby the ipi 's are some (local) coordinates on which remain unchanged. The 
coordinate transformation "if is smooth on \ Lq and it holds 



This shows also T — ^ and V — 4-. 

OH as 

Proof of Proposition |5J First, we calculate the symmetric bilinear form ga 
on Ba with respect to the coordinate transformation 5*. Remember that a = 
(xq + r^)dr — 2xordxo- It holds 



10 



FELIPE LEITNER 



With R"^ = r^^ on Ba and — Xq = (i?^ — s^) ^ we obtain 

9a = -j^^^^—^i-d.s^ + dR'+R^{al+al + il-{a/R)')al)) 



i?2 . dR 



2 



r2(l-(i?/a)4).(i?2„s2)4 

1 



( -ds^ + + R^{al +a^ + {l~ {a/Rf)al) 
1 



) 



and we can conclude that 



1 - (i?/a)4 



° (r2 — x'^y 

on The corresponding (even simpler) calculation on L \ Lo, where To = 0, 
shows that 

9a = , 2 ^ 2^2 9a = -ds^ + dR^ + R^{<^1+<^1 + ^1) , 
[r^ — XqY 

i.e., (ja is the flat metric for r < \xo\- In particular, since ga on Ba \ Lq is a metric 
of Lorentzian signature, we have shown that the conformally equivalent symmetric 
bilinear form of class on Ba is a metric and admits Lorentzian signature as 
well, which completes the proof of Proposition ^ 

As next we review curvature properties of the Eguchi-Hanson metric gsH- This 
discussion will provide us with all the information that we need to prove our claims 
about the curvature properties of the Lorentzian metrics ija and ga- Let us fix the 
orthonormal frame 

{/i,/2,/3,/4} I -f3^ , R-'- , R-'- , (RP)-'- 



where (i := yjl - (a/i?)4. We denote by {/* : i = 1, . . . , 4} the dual fr ame. The 
connection 1-form w and the curvature 2-form Q. of the Levi-Civita connection V^^" 
are determined by the structure equations 



dp = Y.^lh f and = d^: -Y^iolA u;] 



k=l k=l 



It holds 



whereby 



io] = (V^^/., /,) and ^ = (-R(e^, e,)-, •) , 



The components are explicitly calculated as 
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whereby 7 = /3R-^ + /3' and /?' || = 2{a/ R)*{Rl3)-\ and 

nl — fif — — , 

Ol — 02 — 2a'' \2 
"3 ^ ''4 ^ ~1W - ' 

Ol — 02 — i2lx3 

where the A!_'s build a basis of the anti-selfdual 2- forms for gsH and are defined as 



AL 


-/^ 


A/2 


-f 


A/^ 




= f' 


A/3 


-f 


A/2 


A3_ 




A/^ 


~P 


A/3 



It follows that the Rieniannian curvature tensor R of gEH is anti-selfdual. This 
implies that gEH is Ricci-flat and R^^ equals the Weyl tensor W^^ , i.e., we have 

j^EH ^ y^EH ^ . 

In particular, since the Weyl tensor is a complete obstruction to conformal flatness 
in dimension 4, we can see that gEH is nowhere conformally flat on its domain of 
definition (which is BaH E resp. ^{Ba Hi?)). 

Now the metric ga — —ds^ + gEH is an ordinary semi-Riemannian product. 
Hence the curvature components of ga in direction of the coordinate ^ vanish, 
i.e., the curvature tensor of —ds^ + gEH is entirely determined by the components 
of the Riemannian curvature tensor R^^ . In particular, we see that the metric 
—ds^ + gEH is Ricci-flat and the components of the Weyl tensor W'^" of ga in 
direction of the coordinate ^ do vanish as well. Since, by construction, the metric 
ga = —ds^ + gEH is conformally equivalent to ga on Ba, we know yet the Weyl 
tensor W^°- of ga on Ba as well. It is simply a rescaling of W^" . Obviously, the 
metric ga is not conformally flat on Ba- On L\Lo the metric ga is flat and therefore 
conformally flat, i.e., M^^" ^ on Ba and M^^" = on L \ Lq- 

Finally, on the lightcone Lq the Weyl tensor of ga is not deflned in the usual 
way, because ga is only of class at Lq- We aim to show that the Weyl tensor of 
ga on Ba \ Lo admits a continuous extension to Lq- For this we note that the Weyl 
tensor rescales explicitly by W^" = r^r^ • M^^" . Then calculating the components of 
W^" with respect to the coordinate system u :— {gf^, . • . , gfj} using our formulae 
for W^^ from above results to expressions of the form 

^g/d d d d \ M-'^o + B-rl/r^ on Ba 
\dxi' dxj' dxk' dxi) | g on L \ 

for all i, J, fc, Z € {0, . . . , 4}, where A, B are sums of functions of the form /;, /3 • /; 
and I3~^ ■ fi with order si = 4, i.e., the extensions of all components to Lq by zero 
are C^-functions on Ba- We conclude that the Weyl tensor M^^" has a continuous 
extension of class on S^. □ 

Now we consider the frame e = {eg,..., 64}, which we have defined in sec- 
tion[5]and which was claimed there to be orthonormal for ga on B^ and of class C^. 

Proof of Lemma E First, we show that the frame e is orthonormal in every 
point of {B^,ga). Obviously, this is true on L \ {r = 0}, since ga is the flat 
Minkowski metric thereon. It is also obvious that the vectors 62,63 and 64 are 
orthonormal for ga on Ba and that they are orthogonal to the remaining basis 
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vectors eg and ei. For the latter we find with = — /?) and T 



dR 



the 



expressions 



and 



ei = ~2sR^ - {s' + R^)p^, 

from which we see that eg and ei are orthonormal with respect to ga — {R^ — 
s^)^^(— c?s^ + 9eh) on Ba as welL We conclude that the frame e is a pointwise 
orthonormal basis on Ba- 
li remains to discuss the differentiability of the coefficients of the vectors 

4 2 

{eo, . . . , 64}. For this we notice that the function is only of class C"^ on B^ . 
The function (3~^ is of class and all other functions, which are involved in the 
coefficients are smooth on B^ . □ 



Let us introduce the vectors 

-1 .{{S^ 



eo 
ei 



+ 2sRl3^ ) and 



e := 



with respect to the ^-transformed coordinates, and let us denote 

eo , ei 

which is an orthonormal frame with respect to cja — 

we know from th 
Moreover, we set 

/ 



(r^lxl)2 ■ 9a on B> \ Lo- As 
we know from the proof of Lemma^ it holds \E'*(ei) — {R^ — s^) • e^, « = 0, . . . , 4. 



on B^ \ On Ba this is just the extension by /o of the frame {fi, f2, fs, fi} 
that we introduced already for the Eguchi-Hanson metric qeh- The frames e, / are 
transformed on B^ \ Lg by the matrix 



/ 





2sR 















2sR 


s^+R^ 





































































K. With t 




— and 












f 


-1 





\ 








-1 















£^01 := 






































I 








0^ 







we have k — exp(tiJoi). The elements in the preimage of k by the group covering 
A : Spin(l, 4) S0(1, 4) are given by ± exp(|7o7i), whereby we use the 7-matrices 
introduced in section|21 We choose in the following k :— exp(|7o7i), which is given 

by 

/ R -s \ 

. _ 1 R s 

-s Q R 

\ s R J 
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Before we start with the proof of Theorem ^ let us recall the conformal 
covariance of the twistor equation in explicit terms. In general, let g = e^'^g be 
a rescaled metric in the conformal class of a given metric g and let — [vs, w] 
be a twistor with respect to g, whereby Vs denotes the lift of some orthonormal 
frame v. We set (f := [wsjU'], whereby Vg denotes the lift of the rescaled frame 
V :— V ■ {e^"id), which naturally corresponds to the lift Vs- Then the spinor 
field e"/"^ -(pis a twistor spinor with respect to the rescaled metric g (cf. |BFGK9T] ). 

Proof of Theorem ^ The verification of the first two statements of Theorem 
^is the main part of the proof. We will show this in some few steps. First, we 
prove that i/'J^ is a twistor on Ba and also on L \ (Lq U {r = 0}), which already 
implies that i/)^ is a twistor on . Thereby, we will not directly check the twistor 
equation for i/;^, but first use the conformal transformation from ga to the Ricci-flat 
metric ga- In the next step we show that i/'j^ extends to a C^-spinor on Ba \ {0}. 
This spinor will still be a twistor. Finally, we show that the latter spinor can be 
extended to the origin by a zero. The resulting spinor ip^c is a unique continuous 
extension of -0^^, which is of class and solves the twistor equation everywhere 
on Ba. 

To start with, let us consider xp^^ on B^\Lo. The spinor i/i^ is given with respect 
to the spinor frame Cg by [ eg , {—xob, xqc, rb, rc)^ ]. It holds e = e • {{R^ — s'^)id), 
where e is orthonormal with respect to ga — , 2 ^ ■i\2 9a- Let be the corresponding 
lift of the rescaled frame e. Then the spinor 

Vbc ■= \/R^ - • -i/j^^ = [ , \/R^ - ■ {-Xob, xqc, rb, rc)^ ] 
is a twistor with respect to ga (by conformal covariance). Further, it holds 

i^bc = V R"^ - s'^ ■[ fs , fi- {-Xob, xqc, rb, rc)^ ] , 

where fg denotes the lift of the frame /, which corresponds to the lift e^. Eventually, 
with 



1 -Xob 


] 




( 





—s 





] 




f 


~xob 


] 






XqC 









R 





s 








XqC 









rb 






— s 





R 











rb 






b 


\ rc 


) 




I 


s 





R 


) 




[ 


rc 


) 







we find that 

nc = [fs , (0,0,6,c)T] . 
The spinor derivative of Vbc with respect to ga is given by 

0<i<j<4 

where the a;*'s are the components of the Levi-Civita connection of ga- On Ba it 
holds = and the other wj's are just the components that we calculated in 
the proof of Proposition |21 for the Eguchi-Hanson metric gsH- Notice also that on 
L \ [Lo U {r = 0}) the components cjj admit the same expressions (with /3 = 1) as 
on Ba with respect to the frame /. The relations for the a;* 's immediately prove 
that is a parallel spinor with respect to ga on B^ \ Lo for any (b, c) € \ 0. 
(In fact, the spinors of the form v\yc restricted to the Eguchi-Hanson metric gEH, 
which is a hyperkahler metric for any a > 0, form the space of all parallel spinors 
thereon.) Any parallel spinor is a twistor spinor. In particular, v\,c is a twistor 
spinor for ga- Hence, by conformal covariance and the fact that "0^ is of class 
on it follows that is a twistor on {B^,ga)- 
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Now let 





1 r 








\ 




xi 


X2 




X4 




-X2 


Xl - 




X3 




-Xg 


X4 


Xl - 


-X2 




\ -Xi - 


-X3 


X2 


Xl J 


be a matrix valued function on . It holds 


e-G = 




• ■ ■ ' F 


0}). The standard frame u is 


orthonormal 


on L 




U {r 



-} onL\(LoU{r = 
: 0}) and admits a 

smooth extension to L \ Lg. Of course, the matrix G is singular for r — 0. A 
transformation matrix for corresponding spinor frames is given by 



/ r 

Or 

Xl + ix2 

y —xz + ixi 



\ 






2:3 + 1x4 

Xl - 1X2 ) 





l-x^h \ 




f 


-xob 


\ 


1 


xnc 






XqC 






rb 




(.Xl 


- ix2)b - {x3 + ix4 


c 




\ rc J 




V 


— 1x4)6 + (xi + 1x2 


^ J 



This form of the matrix is due to the fact that Spin(4) is isomorphic to SU(2) x 
SU(2). The spinor -0^ = [cs, {—xob,xtjC,rb,rc)^)] is presented with respect to the 
spinor frame Ug on L \ {Lo U {r = 0}) by 

i^^^^ius , G~^{-xob,xoc,rb,rc)^) ] . 

Obviously, the vector valued function 



is non-singular and smooth on L \ Lo- Hence the spinor t/^j^ on admits a G^- 
extension to Ba \ {0}. We denote this extension by ip^^, which is by continuity 
reasons a twistor on Ba \ {0}. 

We still have to show that extends further to a G^-spinor V'&c on Ba- For this 
purpose, we improve our change of frame from above and introduce a non-singular 
G^-frame around the origin. Then we show that the components of i/j^^ with respect 
to a corresponding non-singular spinor frame are of class G^ . So let 

/ fc g \ 

q k 

10 

1 

V 1 y 



with 



l+r^/3 



and 



r(l+/3) 



r^. It is Q = 1 on i and 4a;§p < 1 on an open neighbourhood 



whereby p — a*l3^'^ 

of L. For AxqP < 1 the function k is well defined and of class G^ (cf. Lemma 
121. It follows that on a certain open neighbourhood of L in Ba the function k is 
positive. We denote this set by Go- In fact, it holds fc^ — = 1 on Ca, i.e., the 
transformation matrix Q takes values in S0o(l,4) and is of class G^ on Ca- The 
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matrix Q is useful, because the transformed frame {/iq, 
/io = (l 



, := e • Q is given by 



^-Ip)-'" ■ all 



hi 



(1 



for 



1/2 . JL 

dr 



dxo 



2,3,4 



on n Co, i.e., the first basis vector ho admits now a continuous extension to 
{r = 0}. The remaining basis vectors are stih singular at {r = 0}. However, 
a straightforward calculation shows that the frame h = {ho, . . . , /14} := e • (QG) 
admits a C^-extension to {r ~ 0}, i.e., h is a. non-singular C^-framc on Ca, which 
is an open neighbourhood of the origin. 

A corresponding transformation matrix to Q for spinor frames is given by 












V2(fe+T) 

This matrix is again of class on Ca- In particular, it is non-singular and equal to 



the identity on i. In fact, the matrix Q can be written as Q = 1- 



• Q, where Q is 



some matrix valued function on Ca whose components are sums of functions of the 
form /; with s/ > 0. The spinor ip^^ is expressed with respect to the corresponding 
spinor frame hs by 



Vbc ^[hs,G- 



^{~xob, xoc, rb, rc) 



It holds 



$ G- 



l-xob ^ 

xoc 
rb 

\ rc J 



= G- 




V2(fe+T) 




From Lemma 121 we know that the function is of class C^, since it behaves 
like • whereby ^ has order zero. This observation is sufficient to conclude 
that the vector valued function <I> extends to a C^-function on Ca- Obviously, the 
extended C^-function $ is zero at the origin. We can conclude that extends 
to a C^-spinor i/jhc on Ba with zero at the origin. If (6, c) 7^ the origin is the 
only zero of ^pl,c■ Moreover, since ^p^^ is a twistor and ipbc is C^, the expression 
V^V'bc + -^X ■ D^Tpbc is continuous on Ba and zero on Ba \ {0} for all differentiable 
vector fields X. This shows that iphc satisfies the twistor equation in the origin. 
Altogether we have proven yet the first three statements of Theorem ^ 

The length square u^c of V'J^ = [e^, (— xq^, xqc, r6, rc)^] is by definition (cf. 
[BaumSlj ) equal to 



{lo-{-xob,XoC,rb,rcY , (-Xo&, xqC, r6, rc)^ )c4 = (r^ 



4) 



ib' 



Obviously, the function ui,c is smooth on Ba and its zero set is Lq. We know already 



from Proposition 12 that 



'be 



■ (7a is a Ricci-flat metric on Ba \ Lo, i.e., the function 
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Ubc provides a rescaling to an Einstein metric in the conformal class. It is well 
known that such a rescaling function satisfies the partial differential equation 

—Ubc ■ Ri(P = {n ~ 2) ■ Hess{ubc)'^ . 

It is interesting to note that the function Ubc has a non-trivial zero set (cf. |Gov04| ) . 

Furthermore, using the definition ga{V,p^^, X) — {ipbcX ■ 'ipbc)s and calculating 
the products (70 • {—xob, xqc, rb, rc)^ ,ji ■ {—xob, xqc, rb, rc)^) for i = 0, . . . , 4 shows 
easily that the spinor square of the twistor ipbc is equal to 

V^,^ = (6^ + c^) • ( - {xl + r2)eo - 2xorei) = [b" + c^) • y . 

For (&, c) 7^ the vector field y^^^ is smooth with unique zero at the origin. Finally, 
since aiV) — 0, we obtain ga{V,V) = — (r^ — a;§)^. This shows that V^^^ for 
(6, c) ^ is everywhere timelike except on Lq where the spinor square is lightlike 
resp. zero only at the origin. □ 

Corollary n] is a simple conclusion using Theorem ^ and Proposition El 
We add some remarks about the vector field V . Although the twistor spinor 
V'bc is not smooth, the spinor square V^^^ is smooth. Since V'fcc is a twistor we 
immediately know that V is a conformal Killing vector field for ga on Ba- However, 
we simply reprove this statement here directly. Namely, it holds 

Lvgo = -4x0 ■ go 

Lvr"" = -2mxo ■ r" 





Lycr'i = 

Lvi-r^ar,)^ ■ al) = -4xo ■ {-r^ar,)^ ■ aj) 

Lya = — 4xo • a 

Lvia\rf3)-^rl-a^) = {4x„ - 2 ■ A ■ xo){a^{rf3)-^rl ■ a^) 
= -4x0 ■ (a^(r/3)-2r2 • a^) . 

This proves that Lyga — — 4a;o • ffa on _Ba, i.e., y is a conformal Killing vector with 
div3-{V) = -10 -xq. 

An interesting property of V is the fact that it is an essential conformal Killing 
vector field. The reason is that the spinor square Vd^^^ of D^ipbc is given in 
{0} eBa hy 

which does not vanish, since it holds D^'tpbc 7^ in the origin. This argument is 
true for any metric in the conformal class Ca — [ga], i-e., the divergence of V^p^^ resp. 
V does not vanish identically with respect to any metric in Cq. 

Finally, we want to state a reason why an extension of the metric ga on Ba to 
L with differentiable Weyl tensor has to be conformally flat in order to preserve 
twistor spinors and the conformal Killing vector V . One observes the following 
facts. All integral curves of V on L converge in one flow direction to the origin, i.e., 
the origin is in the closure of any integral curve on L. The length square jVF^'^p 
of the Weyl (2, 2)-tensor is constant along integral curves of V . Moreover, with our 
assumptions we know that in the origin W^^° has to vanish (cf. |Baum99j ). i.e., 
jiy^'^P is identically zero on the closure L of L \ Lq- Then, since V inserted into 
the Weyl tensor W^"^ produces zero (cf. |Baum99) ') and V is timelike on L \ Lo, it 
follows that the length square of W^"^ is non-negative on i \ io and it is zero if and 
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only if the Weyl tensor vanishes. With the argument from before we can conclude 
that the Weyl tensor of the extension has to vanish on L. 
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